Abstract. Knot Floer homology is an invariant for knots in the three-sphere for which the Euler characteristic is the Alexander-Conway polynomial of the knot. The aim of this paper is to study this homology for a class of satellite knots, so as to see how a certain relation between the Alexander-Conway polynomials of the satellite, companion and pattern is generalized on the level of the knot Floer homology. We also use our observations to study a classical geometric invariant, the Seifert genus, of our satellite knots.
Introduction
Given a link L in the three-sphere S 3 , the knot Floer homology of L [13, 15] is denoted i∈Z HFK(S 3 , L, i) with i being the Alexander grading. It generalizes the Alexander-Conway polynomial in the following sense: Theorem 1.1 ( [13] , [15] ). Given an l-component link L ⊂ S 3 , we see
Here χ( HFK(S 3 , L, i)) denotes the Euler characteristic, and ∆ L (T ) denotes the normalized Alexander-Conway polynomial of L.
Therefore, it is natural to ask whether a given property of the Alexander-Conway polynomial has a generalization in the context of knot Floer homology. This homology has proven to be a useful tool for studying some geometric properties of knots, such as the sliceness [11] and the Seifert genus [12] etc. Therefore, any new observaton would possibly give us new hints and insights into understanding these properties of knots.
When considering satellite knots, we know the following Equation (1) . Given a knot K ⊂ S 3 and a non-trivially properly embedded simple closed curve P ⊂ S, where S is a solid torus, we let K P t denote the t-twisted satellite knot for t ∈ Z. Here K and P work as the companion and pattern of K P t , respectively. The sign of a full-twist is defined in Figure 1 . The Alexander-Conway polynomial satisfies the following equation (see [6] ):
a positive full-twist a negative full-twist Figure 1 . The sign convention for a full-twist.
In this paper, we study the knot Floer homology of (S 3 , K P t ) for a class of given patterns. One of our purposes is to see how Equation (1) is developed in knot Floer homology.
This subject has been studied by Hedden in two cases. The (p, pn ± 1) cabled knots were studied in [3] , where he showed the homology of the cabled knot of a knot K depends only on the filtered chain homotopy type of CFK(S 3 , K) when |n| 0. In [4] Hedden studied the knot Floer homology of Whitehead doubles comprehensively. As one important application, he showed a way to find infinitely many topologically slice but not smoothly slice knots. For other research related to this topic, the reader is referred to [8] and [1] .
Before stating our results, we review some information about the knot Floer homology theory. Ozsváth and Szabó [14] defined a homology theory for oriented closed 3-manifolds, known as the Heegaard Floer homology or Ozsváth-Szabó homology. In this paper, we focus on the hat version of this homology. The chain complex associated with a 3-manifold M is denoted CF(M ), and its homology HF(M ) is a topological invariant. Given a null-homologous embedded curve K in the 3-manifold M , Ozsváth and Szabó [13] , and Rasmussen [15] independently noticed that K induces a filtration to the complex CF(M ), and they proved that the filtered chain homotopy type with respect to the new filtration is a knot invariant. When M = S 3 , let F (K, m) be the subcomplex of CF(S 3 ) of filtration m for m ∈ Z and let HF(F (K, m)) denote the homology of the subcomplex F (K, m). Then there exist inclusive relations:
Let CF(S 3 )/F (K, m) denote the quotient complex of F (K, m) in CF(S 3 ).
The associated graded chain complex is CFK(S 3 , K, m) = F (K, m)/F (K, m − 1) and its homology is denoted HFK(S 3 , K, m). The homological grading of the homology group is renamed the Maslov grading, and the new grading induced from the filtration is called the Alexander grading. The Ozsváth-Szabó τ invariant is defined as:
τ (K) = min{m ∈ Z|i * : HF(F (K, m)) −→ HF(S 3 ) is non-trivial}.
Now we define the patterns to be used here. Consider the tangle (B 3 , S r ) defined in Figure 2 for any r ∈ Z ≥0 . Inside a rectangle marked by an odd (even, respectively) number is a negative (positive, respectively) full-twist. The four endpoints of the tangle are A, B, C, and D. Connecting A to D, and B to C gets the 2-bridge knot C(−2, −2, . . . , −2 2r ) in Conway's normal form, which is denoted C(2r) here for short, while connecting A to B, and C to D gives rise to the 2-bridge link C(−2, −2, . . . , −2 2r+1 ), and it is denoted C(2r + 1). The patterns used in this paper are shown in the middle of Figure 2 . They are embeddings of {C(2r)} r≥0 into the solid torus S, and we denote them by {P r } r≥0 . When r = 0, the corresponding satellite knots are the Whitehead doubles. The research in this paper is motivated by Hedden's research on Whitehead doubles in [4] . We found that many of his ideas can be used to study a huge class of satellite knots. Many interesting applications are given in [4] , so we hope to get more applications, especially those to some geometric invariants of knots, by studying more satellite knots. We choose {P r } r≥0 as the patterns since the satellite knots obtained are certain extensions of the Whitehead doubles.
Our main result is as follows. Theorem 1.2. Let K ⊂ S 3 be a knot with Seifert genus g(K) = g. Then the top Alexander grading of HFK(S 3 , K Pr t ) is r + 1 when t = 0 for r ∈ Z ≥0 . At this grading, there exists an integer N so that for t > N > 0, the following hold.
where Tor denotes a finite Abelian group, and the subindices of Z represent the Maslov gradings.
The convention for equations in Theorem 1.2 is, if the power of a summand on the right side of an equation is negative, we simply move this summand to the left-hand side of the equation and convert the power into its opposite value, just as we usually do for multiplication of numbers.
From Equation (1), the Alexander-Conway polynomial of K 
, which satisfies the following conditions. (i) The surface Σ g splits M into two handlebodies U 1 and U 2 . It is called the Heegaard surface, and its genus g is called the Heegaard genus. (ii) The sets α and β are two collections of pairwise disjoint essential curves in Σ g such that U 1 and U 2 are obtained by attaching 2-handles to Σ g along the α and β curves, respectively. (iii) There exist two arcs a and b in Σ g with common endpoints z and w such that a ∩ (
The knot K is isotopic to the union a ∪ b after pushing the arcs a and b properly into the handlebodies U 1 and U 2 respectively. Given a knot K ⊂ S 3 , let (Σ g , α, β, z, w) be a Heegaard diagram for the knot (S 3 , K). Define a set:
The chain complex associated with the Heegaard diagram (Σ g , α, β, z, w) is freely generated by S. Suppose D 1 , . . . , D m denote the closures of the components of
, the sum used in this paper is defined as follows:
Given two generators x and y in S, a domain D is said to be connecting x to y if ∂D connects x to y along the α curves and connects y to x along the β curves.
Given two generators x and y and a domain D connecting x to y, the following equations hold:
where A and gr represent the Alexander and the Maslov gradings respectively, and µ(D) is the Maslov index of µ(D).
We review a combinatorial formula for Maslov index from Lipshitz. Given a domain
where n x i (D) is defined to be the average of the coefficients of D at the four regions divided by the corresponding α curve and β curve around x i . Here e(D) = m i=1 a i e(D i ), and if a region D i is a 2n-gon, then (4) e(D i ) = 1 − n/2.
Theorem 2.2 ([7]
). Given two generators x and y, let D be a domain connecting x to y. Then we have
The formula can be simply applied in our calculations since the domains we will consider all consist of polygons of even number of edges.
It is known that the knot Floer homology detects the Seifert genus: 12] ). For any knot K ⊂ S 3 , the knot Floer homology of K detects the Seifert genus of K. Namely
There are exact sequences associated with the knot Floer homologies of links in S 3 (refer to [13] ), which can be regarded as extensions of the skein relation of the Alexander-Conway polynomial. We recall the one to be used in Section 4. Let L + ⊂ S 3 be a link, and p be a positive crossing of some projection of L + . There are two associated links, L 0 and L − , which agree with L + except at the crossing Figure 3) . If the two strands projecting to p belong to the same component of L + , the skein exact sequence reads:
where all the maps above respect the splitting of HFK(L) under the Alexander grading, and the maps to and from HFK(L 0 ) drop the Maslov grading by 1/2. The map from HFK(L + ) to HFK(L − ) does not necessarily respect the Maslov grading, but it can be expressed as a sum of homogeneous maps, none of which increases the Maslov grading.
Heegaard diagrams for the satellite knots {K
Pr t } r≥0 . In this subsection, we introduce Heegaard diagrams for the satellite knots (S 3 , K Pr t ) for t = 0. We remark that the construction works for general satellite knots. The idea is included in Section 2 of [4] and in [1] .
Suppose K ⊂ S 3 is an oriented knot and P ⊂ S is a non-trivially embedded simple closed curve in the standard solid torus S ⊂ S 3 . Recall that K P t denotes the t-twisted satellite knot for which the companion is K and the pattern is P . Then there exists a decomposition of
Translating into the language of Heegaard diagrams, one can create a Heegaard diagram for the knot (S 3 , K P t ) by combining a Heegaard diagram for the knot (S 3 , K) with a Heegaard diagram for the knot (S 3 , P ). Using this idea, we make a doublypointed Heegaard diagram for the satellite knot (S 3 , K Pr t ) for each r ≥ 0. We first construct a Heegaard diagram for (S 3 , P r ) (see Figure 5 ). When r = 0, that is, the case of the Whitehead double, the construction is shown in [4] . In general, let p r q r = 2 + 1
where the number 2 appears 2r + 1 times. Remember (B 3 , S r ) is a rational tangle. There always exists an embedded disk in B 3 splitting the two strings of the tangle S r . The rational number p r /q r gives rise to a way to find the splitting disk (up to isotopy).
Precisely, we describe the process of drawing the boundary of the splitting disk in BCD by using pairwise disjoint simple arcs in S 2 just as we did before, but this time, the back hemi-sphere is used. (v) All the arcs form a simple closed curve in S 2 , denoted β r . Then β r bounds a splitting disk for the tangle S r . We attach an unknotted one-handle h AD to B 3 along the feet A and D, and an unknotted one-handle h BC along the feet B and C, as shown in Figure 5 . The resulting manifold is a genus two handlebody, and its boundary is denoted Σ 2 . Besides β r , we define four new curves µ, α, µ Pr and λ Pr in Σ 2 . The curve µ is a cocore of the handle h BC . The curve α goes along the one-handles h AD and h BC so that attaching a 2-handle to the handlebody along α leaves us a solid torus, which is S. The pair (µ Pr , λ Pr ) is the preferred meridian-longitude system of S, and λ Pr ∩ µ Pr = {θ }.
We claim that
is a Heegaard diagram for (S 3 , P r ). The chain complex defined on it is denoted CFK(S 3 , P r ), and its homology is the knot Floer homology of C(2r). Notice that the intersection β r ∩ λ Pr contains q r points, labelled y 1 , · · · , y qr from right to left. We can get a Heegaard diagram for (S 1 × S 2 , P r ) by changing the curve λ Pr into the curve µ Pr in the Heegaard diagram HD(S 3 , P r ). Precisely, it is
The chain complex defined on this Heegaard diagram is denoted CFK(S 1 × S 2 , P r ), and its homology is the knot Floer homology of the link C(2r + 1) (see [13] for the knot Floer homology of a link). The intersection µ Pr ∩ β r contains 2p r points, labelled The shadowed domain on the left-hand side is the generator Q 0 of the periodic domains in HD(S 1 × S 2 , P 0 ).
We pause for a while to look at the existence of periodic domains in each diagram. First, we review the definition of a periodic domain. For a Heegaard diagram (Σ g , α, β, z, w), let D 1 , . . . , D m denote the closures of the components of Σ g − α − β.
for which the boundary is a sum of α and β curves and the local multiplicity n w (P) is zero.
It is easy to check that the set of periodic domains is a group, and it is isomorphic to H 1 (M, Z) (refer to [14] ). When the manifold is S 3 , there will be no periodic domains in any Heegaard diagram associated with
, and therefore contains periodic domains since
Lemma 2.5. Let Q r be a generator of the group of periodic domains in HD(
Proof. We consider the mapping class group of the sphere S 2 which fixes the endpoints {A, B, C, D} pointwisely, and denote it MCG(S 2 , {A, B, C, D}). The lemma is proved by induction on r. When r = 0, a generator Q 0 for the periodic domains in HD(S 1 × S 2 , P 0 ) is shown in Figure 5 . We see ∂Q 0 = β 0 − µ P 0 and n z (Q o ) = n w (Q 0 ) = 0. Assume the lemma holds for some r ≥ 0. We show that it holds for r + 1 as well. induced by two full-twists on S 2 . It is easy to see that f ∈ MCG(S 2 , {A, B, C, D}) and f (β r ) = β r+1 . Let Q r+1,1 = f (Q r ) and µ P r+1 = f (µ Pr ). Notice that there exists an oriented domain bounded by µ P r+1 and µ P r+1 in S 2 − {A, B, C, D}, which we denote Q r+1,2 . See Figure 6 for the description. Let Q r+1 = Q r+1,1 + Q r+1,2 . Then Q r+1 is a generator of the space of periodic domains in HD(S 1 × S 2 , P r+1 ), and ∂Q r+1 = β r+1 −µ P r+1 . Since every step happens inside S 2 −{A, B, C, D}, it is obvious that n z (Q r+1 ) = n w (Q r+1 ) = 0. The lemma is proved by induction.
Suppose the Heegaard diagram
for the companion knot K is constructed from one of its projections (see [10] for construction). Here µ K is a meridian of K, and
See the left-hand picture of Figure 7 for the diagram around the meridian µ K . Let CFK(S 3 , K) be the complex defined on HD(S 3 , K). Its homology is the knot Floer homology of K. In this Heegaard diagram, one can draw a longitude λ K ⊂ Σ g of K with framing t such that λ K ∩ (
Here the framing of λ K is t means that the linking number lk(λ K , K) is t in S 3 . The longitude λ K can be arranged to have one intersection point with µ K . That is, λ K ∩ µ K = {θ}.
Let S As a result, a Heegaard diagram for K Pr t is described as follows:
Here Σ g+2 is the connected sum of Σ g and Σ 2 obtained by attaching a one-handle along the feet θ and θ . Precisely, we remove the disk neighborhoods of the points θ and θ , and attach a one-handle along the boundaries of disks such that the resulting surface is a Heegaard surface of S 3 . The attachment happens inside the tubular neighborhood of K. The curve λ Pr λ K (µ Pr µ K , respectively) is the band sum of λ Pr and λ K (µ Pr and µ K , respectively) along the one-handle described above (see Figure 8 for a detailed illustration). The chain complex defined on HD(S 3 , K Pr t ) is denoted CFK(S 3 , K Pr t ). Its homology, therefore, is the knot Floer homology of K Pr t . Attaching a two-handle to the Heegaard surface Σ g+2 along the band sum of two closed curves is equivalent to identifying these two curves. In the attachment Here we assume that the orientation of Σ g+2 is inherited from Σ g . Explicitly, the local orientation of Σ g+2 is shown in Figure 8 get more accurate classification, the Alexander gradings of some generators are then studied in many aspects. As a result, we find that the top Alexander grading of CFK(S 3 , K Pr t ) is r + 1, which only depends on the pattern P r . Moreover, staying at the top grading level, we obtain a parallel result to that of Section 3 in [4] . That is, there is a natural identification of the chain complexes
On the right side, the notation Spin c (S 
, · · · , ±p r . The claim above is based on the following argument. Recall each generator corresponds to a (g + 2)-tuple of intersection points between α curves and β curves of the Heegaard diagram HD(S 3 , K Pr t ). In this Heegaard diagram, we first choose the intersection point for the curves µ and β r , which are two β curves of HD(S 3 , K Pr t ). Notice that the intersection point x ∈ µ∩α has to be chosen since it is the unique choice for µ. For the curve β r , we can either choose an intersection point in {y i } qr i=1 = β r ∩ λ Pr λ K , which constitute the first class, or an intersetion point in {a j } ±pr j=±1 = β r ∩ µ Pr µ K , which make up the second class (see Figure 5 for illustration). The intersection points of the other α and β curves can be naturally combined to form generators of CFK(S 3 , K) or generators of CFK(S 3 t (K), µ K ). We now calculate the Alexander grading differences between generators in CFK( (i) Suppose {x, y i } × p and {x, y i } × p are two generators of the complex CFK(S 3 , P r ) × CFK(S 3 , K) for 1 ≤ i ≤ q r . Then we have (ii) Suppose {x, a j }×q and {x, a j }×q are two generators of the complex CFK(
Then we have
Proof.
(i) Suppose φ is a Whitney disk from {x, y i } × p to {x, y i } × p with n w (φ) = 0. Then the restriction of φ to Σ 2 must be a periodic domain in HD(S 1 × S 2 , P r ), and thus have the form n · Q r . The first statement of the lemma follows since n z (Q r ) = n w (Q r ) = 0 by Lemma 2.5.
(ii) The second statement can be proved by using a similar argument.
In the following lemma, we first compare some generators with common restriction to their second factors, and then compare some generators coming from different classes.
Lemma 3.2.
(i) For each generator q ∈ CFK(S 3 t (K), µ K ), we have
for j, k ∈ {±1, · · · , ±p r }. For any generator p ∈ CFK(S 3 , K), we have for 1 ≤ m, n ≤ q r . Here the Alexander gradings on the right sides of (8) and (9) are the gradings in the complexes CFK(S 1 × S 2 , P r ) and CFK(S 3 , P r ) respectively.
There exist a generator p ∈ CFK(S 3 , K) and a generator q ∈ CFK(S (11) A({x, y j } × p) − A({x, a −j } × q) = 0,
(i) Let φ be a Whitney disk from {x, a j }×q to {x, a k }×q with n w (φ) = 0. Let φ| Σg denote the restriction of φ to Σ g . Then
for some integers r i , s j where 0 ≤ i ≤ g − 1 and 0 ≤ j ≤ g. First we verify that s 0 = 0. This is because the multiplicity of λ K λ Pr in ∂φ should be equal to the multiplicity of α in ∂φ, which must be zero.
Therefore we are able to regard φ| Σg as a two-chain in the Heegaard diagram HD(S 3 , K). We note that its boundary ∂(φ| Σg ) consists of α curves and β curves in HD(S 3 , K). These two facts together with the assumption n w (φ) = 0, that is n w (φ| Σg ) = 0, imply that φ| Σg is a periodic domain in HD(S 3 , K). Since there is no periodic domain in any Heegaard diagram for S 3 , the domain φ| Σg must be the empty set. As a result, the domain of φ is contained in Σ 2 , and therefore can be regarded as a Whitney disk from {x, a j } to {x, a k } in the Heegaard diagram HD(S 1 × S 2 , P r ). A similar argument can be used to prove Equation (9) .
(ii) The domain shown in the left-hand figure of Figure 11 connects {x, a −2qr+j−1 } to {x, a −j }. The local multiplicities of points z and w are zero and one respectively. Therefore we have
By (8), we have
for any 1 ≤ j ≤ q r . On the other hand, for any 1 ≤ k ≤ p r , there exists a Whitney disk φ k from {x, a k } × q to {x, a −k } × q, as shown in the righthand figure of Figure 11 (the shadowed domain). It is easy to calculate that n z (φ k ) = 1 and n w (φ k ) = 0. The result follows from the definition of the Alexander grading. (iii) Let z represent a (g − 1)-tuple of intersection points between the α curves α 1 , . . . , α g−1 and the β curves β 2 , . . . , β g in Σ g . Recall that x 0 is the unique intersection point in β 1 ∩µ K . Let x 1 ∈ β 1 ∩λ K be the point shown in Figure 9 . Then p = {x 0 , z} becomes a generator of CFK(S 3 , K) and q = {x 1 , z} is a generator of CFK(S 3 t (K), µ K ). Let ∆ θ,x 0 ,x 1 be the triangle in Figure 9 which has vertices x 1 , x 0 and θ. When t < 0, a Whitney disk φ j from {x, a −j }×q to {x, y j }×p can be obtained by making the connected sum of the triangle ∆ θ,x 0 ,x 1 and the triangle in Σ 2 which has vertices y j , a −j and θ (see the left-hand figure in Figure 10 ). See the left-hand figure of Figure 13 . The fact n z (φ j ) = n w (φ j ) = 0 implies the conclusion.
Before discussing the case when t > 0, we first describe a domain which has vertices y j , θ and a j , which we denote D y j ,θ ,a j . Recall in Section 2, the curve β r is chosen to be the boundary of the splitting disk of the tangle (B 3 , S r ). We can choose the properly embedded disk shown in Figure 12 as the splitting disk of (B 3 , S r ). By local modifications near the endpoints C and D of the tangle (B 3 , S r ), this disk is converted into a domain in Σ 2 which has vertices y 1 , θ and a 1 . We call it D y 1 ,θ ,a 1 . Notice that there exists a domain D y j ,a j in Σ 2 which has vertices y 1 , y j , a 1 and a j for any 1 < j ≤ q r , as shown in Figure  10 . We define
See the right-hand figure of Figure 13 .
When t > 0, let φ j be the connected sum of the triangle ∆ θ,x 0 ,x 1 in Σ g and the domain D y j ,θ ,a j in Σ 2 . See the middle figure of Figure 13 . Then φ j is a Whitney disk from {x, a j } × q to {x, y j } × p. Since n z (φ j ) = 1 and n w (φ j ) = 0, we get A({x, y j } × p) − A({x, a j } × q) = −1. This equation together with (10) implies (11) for the case t > 0.
Recall that the chain complexes CFK(S 1 × S 2 , P r ) and CFK(S 3 , P r ) give rise to the knot Floer homologies of the links C(2r + 1) and C(2r) respectively. Let det(L) := |∆ L (−1)| denote the determinant of a link L ⊂ S 3 . We state some observations about Figure 11 . The domain on the left-hand side connects {x, a −2qr+j−1 } to {x, a −j } in Σ 2 , while the domain on the right-hand side is from {x, The left-hand figure shows the splitting disk of (B 3 , S r ) bounded by β r . In the right-hand figure the disk is modified to make the domain D y 1 ,θ ,a 1 in Σ 2 .
the determinants of C(2r + 1) and C(2r), and about the complexes CFK(S 1 × S 2 , P r ) and CFK(S 3 , P r ).
Lemma 3.3.
(i) We have det(C(2r + 1)) = p r and det(C(2r)) = q r . (ii) The differentials of the complexes CFK(S 1 × S 2 , P r ) and CFK(S 3 , P r ) are trivial.
(i) In general, the double-branched cover of S 3 branched along the twobridge link L := C(b 1 , b 2 , · · · , b n ) is the lens space L(p, q), where 
The double-branched covers of S 3 branched along the two-bridge links C(2r+ 1) and C(2r) are L(p r , q r ) and L(q r , p r −2q r ) respectively. Therefore, we have det(C(2r + 1)) = p r and det(C(2r)) = q r .
(ii) As recalled in Theorem 1.1, the Euler characteristic of the knot Floer homology of a link is the Alexander-Conway polynomial. In the cases of C(2r + 1) and C(2r), we have
When we put T = −1, the equalities above simply become:
Recall that the numbers of the generators in the complexes CFK(S 1 × S 2 , P r ) and CFK(S 3 , P r ) are exactly 2p r and q r , respectively. Here we are using the integer coefficient for the homologies. Therefore the differentials of the complexes CFK(S 1 × S 2 , P r ) and CFK(S 3 , P r ) are trivial.
On the other hand, since the link C(2r + 1) is a fibred alternating link [2] , the polynomial ∆ C(2r+1) (T ) is monic with highest power (r + 1)/2 (refer to [5] ). In other words, the top Alexander grading of HFK(S 3 , C(2r + 1)), which corresponds to the highest power of the polynomial (T 1/2 − T −1/2 )∆ C(2r+1) (T ), is r + 1, and the rank satisfies rk( HFK(S 3 , C(2r + 1), r + 1)) = 1.
n w (φ p,q ) = n z (φ p,q ) = 0 it can be naturally regarded as a Whitney disk connecting {x, a f (r) } × p to {x, a f (r) } × q in Σ g+2 , with n w (φ p,q ) = n z (φ p,q ) = 0. In one word, the argument above implies that the differentials on both sides work in the same manner. Therefore, Equation (13) 
is called the winding region of the Heegaard diagram HD(S 3 t (K), µ K ). We assume that for the longitude curve λ K of framing t, there are |t| intersection points in β 1 ∩ λ K λ Pr supported in the winding region µ K × I. For convenience, let {x k | −|t|/2 ≤ k ≤ |t|/2 , k = 0} denote the set of these intersection points, where u is the integer associated with a number u such that 0 ≤ u − u < 1. See Figure 9 for the placement of the points in {x k | −|t|/2 ≤ k ≤ |t|/2 , k = 0}. With these assumptions, the intersection point {x 0 , z} ∈ CFK(S 3 , K)
is in 1 to |t| correspondence with the intersection points {x k , z} ∈ CFK(S
We recall a theorem from Hedden in [4] . 
,
The element s m satisfies a certain condition related to m, as stated in [4] before Theorem 4.3, which will not be recalled here.
Proposition 3.4 and Theorem 3.5 provide us a relation between HFK(S 3 , K Pr t , r + 1) and the filtered chain homotopy type of CFK(S 3 , K), but no information about the Maslov grading is mentioned. In order to solve the problem, we first restate Lemmas 4.5 and 4.6 in [4] , which study the Maslov gradings of some generators. We modify them into our context as follows. Lemma 3.6. Consider the chain complex CFK(S 3 , K Pr t ) for any r ≥ 0 and t = 0. Let −|t|/2 ≤ k < 0 and 0 < l ≤ |t|/2 , and N be the integer introduced in Theorem 3.5. For t > N > 0 we have
Here A({x 0 , z}) denotes the Alexander grading of {x 0 , z} in CFK(S 3 , K).
In the Heegaard diagram HD(S 3 , K P i t ) for i ≥ 1, there is a Whitney disk φ i connecting {x, a f (i−1) } × p to some generator {x, a * } × p for any p ∈ CFK(S 3 t (K), µ K ). See the shadowed domain in Figure 14 . We first check that a * = a f (i) . Notice that n z (φ i ) = 1 and n w (φ i ) = 0, so we get
The Alexander gradings of the generators {x, a j } × p for j ∈ {±1, · · · ,
) do not change when we regard these generators as in CFK(S 3 , K P i t ). Therefore we have A({x, a * } × p) = i + 1. The discussion in Section 3.1 tells us a f (i) is the unique point in β i ∩µ P i corresponding to the Alexander grading i + 1, so * = f (i).
Consider the Maslov grading. By Lipshitz's formula (refer to Theorem 2.2), we have
Here since φ i can be cut into a hexagon (see Figure 14) , by Formula (4) we see
It is easy to see from Figure 14 that
Therefore we get µ(φ i ) = −1/2 + 3/4 + 3/4 = 1. Since µ(φ i ) = 1 we get the equation
Notice that Equation (14) does not change when we regard {x, a f (i) } × {x k , z} and {x, a f (i−1) }×{x k , z} as generators of CFK(S 3 , K Pr t ) for any r > i. Therefore, applying Equation (14) r times gives:
This together with Lemma 3.6 implies the following equations. Let −|t|/2 ≤ k < 0 and 0 < l ≤ |t|/2 and N be the integer in Lemma 3.6. For t > N > 0, we have gr({x, a f (r) } × {x k , z}) = gr({x, y 1 } × {x 0 , z}) + 2A({x 0 , z}) + r + 1, gr({x, a f (r) } × {x l , z}) = gr({x, y 1 } × {x 0 , z}) + r + 1, (15) while for t < −N < 0, we have gr({x, a f (r) } × {x k , z}) = gr({x, y 1 } × {x 0 , z}) + 2A({x 0 , z}) + r,
Equations (15) and (16) Recall that any two Heegaard diagrams which specify the same 3-manifold can be connected by a finite sequence of Heegaard moves, which consist of isotopies, handlesides and (de)stablizations. See [16] for an introduction. In the following lemma, we forget the knots and simply regard HD(S 3 , K Proof. Consider the Seifert surface F r in Figure 16 . A generating set of H 1 (F r ) is chosen in Figure 16 . We have
where V is the Seifert matrix of C(2r+1) associated with the generating set of H 1 (F r ) in Figure 16 . One can easily prove that the signature of V + V t is −1, and so is the signature of C(2r + 1).
The generators of H (F ) 1 r Figure 16 . A Seifert surface F r of C(2r + 1) and a generating set of H 1 (F r ). 0 is zero according to Theorem 2.3. That is to say K P 0 0 is the unknot, which happens only when K itself is the unknot. This contradicts our assumption that K is non-trivial. Therefore, we get HFK(K Pr t , r + 1) = 0, which implies g(K Pr 0 ) = r + 1.
